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CML Book 

The CML book is an online book about how children learn mathematics.  Children’s 

Mathematical Learning (CML) was originally designed as a supplement for elementary 

mathematics education courses including content, methods, and graduate courses.  However, 

parents have also found the materials beneficial. The CML book has descriptions about how 

children learn math and there are also problems for children to solve.  Most problems have data 

on what percent of children had the problem correct and on how other children solved the 

problem.   The books and the CML project is based on the premise that knowledge of how 

children learn mathematics will enhance students learning of mathematics-make math more 

meaningful, and will enhance teachers’ ability to teach math to children.  

 

 

 

 

 

 

This book was previously published by Pearson Education, Inc. as:  Connecting Mathematics for 

Elementary Teachers, CMET, (2009). 

 

The Connecting Mathematics for Elementary Teachers Project was funded by the National 

Science Foundation, grants DUE 0341217 and DUE 0126882.  Opinions expressed are those of 

the authors and not necessarily those of the National Science Foundation. 
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Other Resources 

 

CML Videos 

 

CML Videos are short video clips of children engaged in mathematical thinking.  These videos 

are designed to illustrate how children learn and think about mathematics. The development of 

these videos is funded by National Science Foundation grant (DUE 122942). The videos show 

children in grades K-5 solving mathematical problems.  Each video is accompanied by narrative 

at the beginning, often between clips, and at the end to help viewers focus on how children learn 

mathematics.  

 

CML videos look at how children learn mathematics in depth.   Our videos attempt to show how 

children think mathematically and how understanding this thinking is a crucial part of teachers’ 

and parent’s efforts to further student learning.  Our intent is to help viewers realize how several 

children might solve the same problem.  In the third grade video 6 x 8  we  attempt to illustrate 

how children use a variety of methods to solve multiplication problems (See CML video:  

Multiplication 6 x 8).  It is not just an isolated example illustrating the complexity of children’s 

mathematical thinking, but rather a series of examples of how children actually learn concepts 

like multiplication.  In CML we typically show several children using different methods solving 

the same problem.  Our intent is for viewers to see the multiple ways that children think.  A 

second key feature is the narration with each video.  The narration is designed to focus the 

viewers’ attention on what aspects are important in how children learn mathematics.  The 

narration between clips gives viewers an opportunity to reflect on each child’s mathematical 

thinking.  In contrast to other videos, CML videos have a singular purpose of demonstrating how 

children learn mathematics. 

 

The videos are free and available at cmlvideos.com and the password is: cmlvideos. 

CML Activities 

CML Activities are a collection of math activities we developed over the past 20 years.  These 

are fun math activities designed to help children gain greater mathematical skills in an enjoyable 

format.  Teachers and parents can play the activities with children or children can play with each 

other.  We know that children enjoy doing these activities and that they are learning 

mathematics. The activities are for sale and are available as a downloadable PDF at 

CMLactivities.com. These activities are designed to be done with children are intended for 

readers, teachers and parents, who are working with children. 
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Dedication 

 

This book is dedicated to children, that they might understand mathematics and to future 

teachers, that they might understand how children understand mathematics.  

 



 

CML - v 

 

Introduction 

Chapter 1  Problem Solving       1 

 1.1 An Introduction to Problem Solving    1 

What is Problem Solving? • Why do Problem Solving? 

• Learning to Teach Problem Solving • What is a  

(Mathematical) Problem for Children? • Children’s 

Belief s about Solving Problems • How Children Solve 

Problems • Mathematics Modeling • Problem Solving Steps 

 • Problem Solving Strategies – Heuristics 

 1.2 Patterns        16 

1.3 Mathematical Reasoning      20 

Deductive and Inductive Reasoning • Sense-Making  

• Key Words • Incorporating Writing and Mathematics 

References        25 

Chapter 2 Sets        27 

2.1 Set Theory        27 

A Historical Perspective • What is number? • How do  

Children Develop the Concept of Number • Set Theory  

Basic Operations • Reasons for Studying Set Theory 

How do Children Develop the Concept of Number 

2.2 Venn Diagrams       34 

 References        39 

Chapter 3  Whole Numbers       40 

3.1 Numeration Systems      40 

The Need for Numbers • Models of Our Number System 

• Expanded Notation  

 3.2 Addition and Subtraction      47 

One Child's Perspective of Addition • Counting Types 

• Counting Based Strategies • Concept of Ten and Place  

Value • Thinking Strategies and Learning "Basic Facts"  

• Subtraction/Take-Away • Two Levels of Difficulty for  

Subtracting in Context 

 3.3 Multiplication and Division      50 

 Multiplication • From Additive to Multiplicative 

 Thinking • Cartesian Products • Multiplication Thinking 

 Strategies and Basic Facts • How Young Children Divide 

 • Division By and With 0 • Order of Operations 

 3.4 Properties of Whole Number Operations     60 

  Commutative Property • Associative Property  

  • Distributive Property • Identity Properties • Closure 

  Property  

 3.5 Algorithms        65 

  Addition and Subtraction Algorithms • Children's Self- 

  Generated Algorithms • Multiplication Algorithms 

• Division algorithms 

 3.6 Mental Math & Estimation     81 



 

CML - vi 

 

 References        86 

Chapter 4  Number Theory       88 

 4.1 Factors and Multiples      88 

 4.2 Divisibility Tests       90 

 4.3 Prime and Composite Numbers     92 

 4.4  Greatest Common Factor & Least Common Multiple  94 

 References        97 

Chapter 5 Integers        98 

5.1 Children’s Understanding of Negative Numbers   98 

 Number Line Representation • Number as a Quantity   

 Representation • Children’s Use of Negative Numbers 

 in Algorithms • Children’s Understanding of Negative 

 Numbers in a Different Context 

5.2 Addition and Subtraction of Integers    102 

 Parentheses • Number line • Black and Red Chip Model  

 • Absolute Value 

5.3 Multiplication and Division of Integers    106 

 How Children Solve Some Integer Word Problems 

 References        109 

 Chapter 6 Rational Numbers - Fractions     110 

  6.1 Fractions        110 

   Fraction as a Part-whole Relationship • Fraction as a  

   Quotient • Fraction as a Location on a Number Line or as  

   a Measure • Fraction as a Ratio • Fraction as an Operator 

• Equivalent Fractions • Improper Fractions • Common 

Misconceptions with Fractions 

6.2 Addition and Subtraction of Fractions    127 

Models for Adding and Subtracting Fractions • Common  

Misconceptions Adding and Subtracting Fractions 

6.3 Multiplication and Division of Fractions    131 

Models for Multiplying and Dividing Fractions 

• Common Misconceptions Multiplying and Dividing 

Fractions 

6.4 Properties of Rational Numbers     138 

  Correspondence of Rational Numbers and Points on  

  the Number Line 

 References        140 

Chapter 7 Decimals, Percents, and Real Numbers   142 

 7.1 Place Value       142 

 7.2 Decimals        145 

  A Foundation for Decimal Understanding • Models 

  for Decimal Numbers • Rounding Decimal Numbers 

 • Children’s Understanding of Decimals • Scientific 

 Notation 

 7.3 Decimal Computation      153 

 Lining up the Decimal Points • Counting the Number 



 

CML - vii 

 

 of Decimal Places in the Factors when Multiplying 

 Decimals • Moving the Decimal Point in the Dividend  

 and the Divisor when Dividing • More on Decimal  

 Computation • Partial Sums of Decimals 

 7.4 Ratio and Proportion      158 

 Unit or Unit Rate Method • Scale Factor or Composite 

 Unit Rate • Building-Up • Cross Multiplication • Rate, 

 Ratio, and Scale Factor • Proportional Reasoning 

7.5 Percents        165 

  Children's Knowledge of Percents • Mental Computation 

  with Percents 

 7.6 Rational, Irrational, and Real Numbers    169 

 References        169 

Chapter 8 Geometry        172 

8.1 Basic Geometric Concepts     172 

 Geometry in Elementary School • Concept Image 

 • van Hiele Levels • Points, Lines, and Planes 

 • Congruence • Parallel and Perpendicular Lines 

 8.2 Basic Shapes       179 

  Shapes • Convex • Shapes, Interior, and Exterior 

 • Triangle • Rectangle • Parallelogram • Invariance 

 of Shape • Computer Tools 

 8.3 Angles        189 

 Angle Measurement • Supplementary and  

 Complementary Angles • Common Problems Children 

Have Measuring with a Protractor  

 8.4 Proof/Mathematical Reasoning/Justification/Argumentation 197 

 The Sum of the Measures of the Angles of a Triangle 

 8.5 Three-Dimensional Geometry     202 

 What is Important in Three-Dimensional Geometry 

 • Prisms • Euler’s Formula • Mobius Strips 

 References        207 

Chapter 9 More Geometry       210 

9.1 Transformations or Rigid Motions    210 

 More on Congruence • Tessellations • Vertical Angles 

 and Parallel Lines Cut by a Transversal 

9.2 Constructions       215 

 9.3 Symmetry        217 

 9.4 Similarity        221 

 What is Trigonometry? 

 References        226 

Chapter 10 Measurement       228 

10.1 The Concept of Measurement     228 

 Measurement as a Developmental Process • The  

Metric System 

 10.2 Linear Measurement      234 



 

CML - viii 

 

 Key Concepts of Measurement • The Teaching of 

 Linear Measurement  

 10.3 Area and Perimeter      243 

Perimeter • The Concept of Area • Children’s Common 

Misconceptions about Area • Mud Puddle Problem 

 • Key Concepts of Area • The Teaching of Area  

Measurement • Area Formulas • Area of a Circle 

10.4 Volume and Surface Area      262 

  Surface Area of a Three-dimensional Figure 

 10.5 Time        267 

 References        269 

Chapter 11 Statistics/Data Analysis      272 

 11.1 Data Analysis and Statistical Graphs    272 

 Statistical Graphs 

 11.2 Statistical Deceptions and Examining Statistics Critically 283 

11.3 Mean, Mode, and Median      288 

 Mode • Ideal Average • Midrange • Median • Mean 

11.4 Variation or Spread      294 

11.5 Statistical Samples      297 

 Randomness • Normal Distribution 

 References        299 

Chapter 12 Probability       302 

 12.1 Basic Notions of Probability     302 

 The Ratio Concept • Chance • Intuitive Understanding 

 of Probability • Equal Likely Outcomes • Simulations 

 • Randomness • Sample Space 

 12.2 More Sophisticated Concepts of Probability   315 

  Multistage Probability • Independent and Dependent 

  Events • Mutually Exclusive Events • Expected Value 

  •Odds 

  References        321 

Chapter 13 Algebraic Reasoning      323 

 13.1 The Concept of Variable       324 

 13.2 Algebraic Reasoning:  Generalizing    329 

 Generalizing a Specific Problem • Generalizing a 

 General Principle or Property 

13.3 Generalizing with Two Variables – Functions   339  

13.4 Graphing:  Coordinate Geometry     343 

13.5 The Concept of Equality      347 

 References        349 

 

 Answers to Problems and Exercises      325 

 Index          332 



 

CML - ix 

 

Introduction 
 

To the student
1
: 

 

Children’s Mathematical Learning (CML) materials are designed to be a supplement for a 

variety of elementary mathematics education courses including content, methods, and graduate 

courses.  These materials have been designed to help you connect your own learning of 

mathematics with how children understand and learn mathematics.  In addition, the CML 

Supplement attempts to show how children’s learning of mathematics in elementary school is 

connected to more advanced mathematics in middle and high school.  Consequently, this 

supplement primarily focuses on how children learn and understand mathematics and not on how 

to teach mathematics.  While this supplement is 

not designed to teach you how to teach 

mathematics to children, we believe that 

learning how children think mathematically 

will be helpful in your teaching of 

mathematics to children. 

 

Every child is different.  Our descriptions of how many or most children learn 

are not a guarantee of how every child thinks mathematically. The best way to 

find out what a child is thinking is to ask him/her. The CML Supplement 

attempts to provide general descriptions of children’s learning.   These 

descriptions are intended to help you understand how children approach 

mathematics differently than adults. By helping you connect children’s 

thinking to your own learning, we hope that this will improve your 

understanding of both mathematics and children thereby enhance your ability 

to teach mathematics to children. 

 

As you use this supplement, try to consider how you learned mathematics, how children learn 

mathematics, and how you will teach mathematics to children.  The more you understand 

mathematics and how children think about mathematics, the better teacher you will be.  Our 

advice is: 

 

 Read the supplement along with your textbook,  

 Do the Problems and Exercises, and  

 Try to understand how children learn mathematics. 

 

 

 

 

 

Organization 

                                                 
1
 Note:  Throughout the supplement, student refers to you, a preservice elementary teacher or 

graduate student, and child refers to an elementary school student. 
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Each section contains insights and examples of how children come to understand mathematics.  

Many of the descriptions of how children learn are based on research, but some are based on the 

authors’ personal experiences with helping children learn mathematics.  We have attempted to 

use our own knowledge and experiences along with research to present descriptions of how 

children understand the mathematics. We have also attempted to describe the “why” behind the 

mathematics that you will be teaching to children because, as a teacher, you should be able to 

explain the mathematics to children. Key underlying, mathematical concepts are presented and 

discussed. Manipulatives are discussed in relationship to the mathematics children are learning.  

As a teacher, it is important to understand the mathematics that a manipulative represents or 

embodies.  Occasionally, a few class activities are included to help you see how children think 

mathematically.  Connections are made to children’s later developments in mathematics, which 

might include the mathematics that children will learn in later grades or even middle or high 

school. In summary, the CML Supplement attempts to connect the mathematics you are learning 

with the mathematics you will be teaching children.  

 

At the end of each section are “Problems and Exercises” for you to 

solve. These problems and exercises are different than the problems in 

your mathematics textbook in that they are specifically designed to 

help you learn how children learn mathematics.  Many of these 

questions are from the National Assessment of Educational Progress 

(NAEP) and the Third International Mathematics and Science Study 

(TIMSS).  The NAEP tests are only given in the United States and are 

used to measure national achievement.  The TIMSS tests are given in the United States and 

internationally and used primarily to compare mathematics achievement in the United States 

with other countries.  Both these tests are normally given every two to four years and are used to 

measure the educational achievement in mathematics in grades 4, 8, and 12.  The test questions 

along with the performance data of children on the test questions are available at the following 

websites:   

 

NAEP:  http://nces.ed.gov/nationsreportcard/itmrls/   

TIMSS:  http://timss.bc.edu/timss2003i/released.html       

  http://timss.bc.edu/timss1999i/timss_test.html  

   http://timss.bc.edu/timss1995i/Items.html   

.   

 
 

 

 

 

http://www.google.com/imgres?imgurl=http://www.woodbridge.k12.nj.us/SchoolsHS/Colonia-HS/images/naep_logo.gif&imgrefurl=http://www.woodbridge.k12.nj.us/SchoolsHS/Colonia-HS/index.htm&h=135&w=120&sz=5&tbnid=Jqu_jdEykEvZXM:&tbnh=90&tbnw=80&prev=/search?q=naep+logo&tbm=isch&tbo=u&zoom=1&q=naep+logo&usg=__0iudEhT6QFCu_HOIvVrQo0s5tSA=&docid=TClkC-J6bOmnsM&hl=en&sa=X&ei=pjH3UM-3LI3KqAHnrIGQCQ&ved=0CEgQ9QEwAQ&dur=4258
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Another key feature of this supplement is “Children’s Solutions and Discussion of Problems 

and Exercises” section.   Here we present both children’s solutions and errors or a discussion for 

some of the “Problems and Exercises”.  With the NAEP and TIMSS questions, we give the 

percentage of children who had the correct solution.  With some NAEP questions we also give 

children’s actual solutions.  All the data we present may not be indicative of how a particular 

child or class will perform on the problem.  The data is intended to provide a general idea on 

how many children perform on similar problems. 

 

Before looking at the “Children’s Solutions and Discussion of Problems and Exercises,” be 

sure to do the problems first and then see how children attempted them. Especially consider what 

mathematics you will need to understand in order to understand and facilitate children’s growth 

in learning mathematics.  To help you reflect on these connections and understandings, each 

section also has “Questions for Discussion”.  These are general questions for you to discuss, 

write about, or reflect upon.   

 

Connections to video clips are interspersed throughout the book.  The video 

icon is an indication that a CML video is related to the topic being discussed.  

Short questions to consider about the video are also included.  The videos are 

free and available at cmlvideos.com and the password is: cmlvideos. We 

encourage you to take some time to watch each video when you see the video 

icon. 

 

We sincerely hope that you enjoy using CML and find it useful in your learning of mathematics. 

More importantly, we hope that CML allows you to make important connections to the ways that 

children learn and think about mathematics. 
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Preface to the Instructor 
 

Children’s Mathematical Learning (CML) is designed to be used with any course and textbook 

for the mathematical content or methods courses for elementary teachers.  We have developed 

alignment tables that show how CML is aligned with the most widely used textbooks in 

mathematics education.  The tables for textbooks published by Pearson can be found in the CML 

Instructors Guide and all available tables can be found on our website:  
http://www.childrensmathematicallearning.com 
Purpose of CML 

 

CML is not specifically designed to teach mathematics, but to help preservice teachers connect 

the mathematics they are learning with how children learn and understand mathematics.  The 

intent is that this will enhance preservice teachers’ understanding of mathematics and 

consequently improve their future teaching of mathematics to children.  Students are more 

motivated to learn when they can see the connection between their learning and their future 

profession.  

 

Using CML 

 

We have two main suggestions in effectively using CML.  First, having students read CML is 

essential; consider assigning the reading of the CML section along with the corresponding 

section that you are covering in the mathematics content textbook.  You may assign some or all 

of the Problems and Exercises at the end of each section.  These problems are designed for 

children; some are eighth grade problems so a few may be a bit more challenging.  Most answers 

are in the back of the book.  Encourage students to solve these problems first.  However, the key 

is the Children’s Solutions and Discussion of Problems and Exercises.  So, the second main 

suggestion is to, whenever possible, discuss or cover the data and children’s solutions from this 

section with your students.  The data and solutions are designed to provide insights into how 

children understand mathematics.  The Questions for Discussion may be more useful in a 

methods or graduate course in mathematics education.   

 

These are a few suggestions for using CML.  We would be interested in learning how others 

have used our book, especially in methods and graduate mathematics education courses.  You 

can email your comments and suggestions to dfeikes@pnc.edu. 

 

CML and Students 

 

Most students in mathematical content courses for elementary teachers are apprehensive about 

learning mathematics.  Our hope is that preservice teachers not only learn mathematics, but that 

they begin to develop an understanding of how children think about mathematics, learn to 

appreciate mathematics, and enjoy teaching it.  

 

With CML, students should never say, “Where will I ever use this?” 

 

 

 

http://www.childrensmathematicallearning.com/
mailto:dfeikes@pnc.edu
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